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Introduction

From Mods, and maybe from school, you can already solve some differential
equations. In this course, we shall learn to solve a much larger variety and
also we develop some general theory.

Throughout, we shall use the following convenient abbreviations: we shall
write

DEs: for differential equations.

ODEs: for ordinary DEs, i.e. differential equations with only ordinary deriva-
tives.

PDEs: for partial DEs, i.e. differential equations with partial derivatives.
The course contains six topics, with a chapter devoted to each:
The six chapters
1. ODEs and Picard’s Theorem (for existence of solutions).
2. Boundary Value Problems (BVPs) for second-order linear ODEs.
3. Plane autonomous systems.
4. First-order quasi-linear PDEs: the method of characteristics.
5. The classification of second-order linear PDEs.

6. Laplace and Fourier transforms (for ODEs and PDEs).
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Books

The first choice is P J Collins Differential and Integral Equations, O.U.P.
(2006), which can be used for the whole course (Chapters 1-7, 14, 15).

Other good books which cover parts of the course include

W E Boyce and R C DiPrima, Elementary Differential Equations and Bound-
ary Value Problems, Tth edition, Wiley (2000).

E Kreyszig, Advanced Engineering Mathematics, 8th Edition, Wiley (1999).

G F Carrier and C E Pearson, Partial Differential Equations — Theory and
Technique, Academic (1988).

J Ockendon, S Howison, A Lacey and A Movchan, Applied Partial Differen-
tial Equations, Oxford (1999) [a more advanced text].

1 ODEs and Picard’s Theorem

1.1 What is an ODE?
An ODE is an equation of the form

G<x7 y7y/?y”7 ctt y(n)) = O

regarded as an equation for y(z). Usually this can be solved for the highest
derivative and written in the form
d"y
dz®
Then the order of the ODE is n, the order of the highest derivative which

appears.
Given an ODE, certain obvious questions arise. We could ask:

=y (2) = F(z,y,9, ..., y" V).

e does it have solutions? Can we find them (explicitly or implicitly)? If
not, can we at least say something about them?

e given data e.g. the values y(a), ¢'(a), ... of y(x) and its first n — 1
derivatives at some initial value a of x, does it have a solution? is it
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unique? Are other choices of data possible?

We shall answer the first question in this section, and consider the second in
the next section.

For simplicity, we begin with a first-order ODE with data:
y' = f(z,y) with y(a) = b. (1.1)

This is an initial value problem or IVP, since we are given y at an initial, or
starting, value of x . You know how to solve a variety of equations like this,
but you may not have encountered the following difficulty.

1.2 The warning example:
Consider this IVP:

y' =3y y(0)=0. (12)
So separate the variables (a mods technique):

dy
3y2 /3

= dx,
integrate and use the data to find

(i) A solution y = z3;

(ii) But evidently there is another solution: by direct checking y = 0 will
do;

(iii) Now we can see that there are infinitely many. Pick a,b witha <0 < b
and define

y = (z—a) r<a

= 0 a<z<b
= (z—0b) b<zx

The solution is not unique (in fact far from, it since we’ve found infinitely
many solutions). So for uniqueness in the problem (1.1) we must impose
conditions on f. We discover what these are in the process of proving that
the solution exists. This will be the first existence theorem which you've



encountered (mathematicians are unique in proving that certain things exist,
and that certain things don’t, which is usually easier). The proof is quite
technical, certainly the most technical thing in the course. In particular, you
need to remember from Mods the Weierstrass M-test for convergence of a
series of functions. Once we get past the proof of this theorem, most of the
rest of the course is methods of solution of particular classes of equation.

To be precise then, we shall seek a solution in a rectangle R about the initial
point (z,y) = (a,b), so suppose R is |z —a| < h, |y — b] < k (figure 1.1: all
figures are currently at the end).

Figure 1.1: the rectangle R.
Our first assumption is that f(z,y) is continuous in R.

Now integrate (1.1) from a to variable z:

vl = [yl = y(o) ~ vla)
SO rearranging

va) =+ [ Sty (1.3)

We have transformed the differential equation to an integral equation - the
unknown y is given in terms of an integral rather than a differential. There
is a general theory of these, but we only need to deal with the particular
case of (1.3). The standard approach is to seek a solution by iteration or
successive approximation.

1.3 Picard’s method of successive approximation

We start with an initial guess and then improve it. The guesses, or successive
approximations or iterates, are labelled y, (x) starting with yo(z). Take

yo(z) =10
Yni1(T) = b+fax Pt yn (b)) dt } (1.4)

That is, we start with the simplest guess, that y equals its initial value, and
at each stage substitute the current guess into the right-hand-side of (1.3)
to get the next guess. We need to know if this process converges, and if it
does whether it converges to a solution of the problem (1.3). Consider the
differences between successive approximations:

co(w) = b } (1.5)

€n+1 (m) = yn—l-l(x) - yn(x)
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and note that

n

yn(z) = Zek(x). (1.6)

We have written y,(x) as the sum of a series, (1.6) and we need this series to
converge, so that we need the differences e, (x) to get small. With hindsight,
this needs some assumptions. The first is easy to state:

P(i): on the rectangle R = {(z,y) : |z —a| < h, |y —b| < k}, the function
f(z,y) is continuous; this means its bounded, say by M € R, so | f(z,y)| < M
in R; suppose further that the rectangle is constrained by & < Mh.

Next notice that
€n+1<x> = yn+1(x) - yn(x)
= [ Ua(0) = it pur®))i

and recall that the integral of the modulus of a function is greater than the
modulus of the integral (because the function can be negative). Therefore

[ enta(2)] <

/ V() — £ty di] (L.7)

Recall we want the e, to get smaller. This motivates a definition:

1.4 The Lipschitz condition

A function f(z,y) continuous on a rectangle R satisfies a Lipschitz condition
with constant A if 3 real positive A such that

|f(z,u) — f(z,v)] < Alu —v| for (z,u) € R, (z,v) € R. (1.8)

This is a new condition on a function, stronger than being continuous but
weaker than being differentiable. It turns out to be the right condition to
make Picard’s Theorem, which is the existence theorem we want, work.

1.5 Picard’s Theorem

The ODE (1.1)
y' = f(x,y) with y(a) = b.



has a solution in the rectangle R : |x — a| < h, |y — b|] < k provided:

P(i): f is continuous in R, bounded by M (so |f(z,y)| < M) and Mh < k.
P(ii): f satisfies a Lipschitz condition in R.

Furthermore, this solution is unique.
Proof

We want the series in (1.6) to converge as n — oco. We break the proof into
a series of steps:

(i) each y,(z) is continuous and its graph lies inside R;

continuity follows from (1.4) by induction, continuity of f and proper-
ties of the integral; for the graph property, note that

() 0 < | | L)

§|M/ dt| = Mz —a < Mh < k

where we've used P(i). Thus y,(z) doesn’t get further from b than £,
and so the graph of y,, goes right across R (it ‘comes out the side not
the top or bottom’).

Figure 1.2: successive iterates graphed in R.

(ii) The Lipschitz condition P(ii) means that, for some positive A,
[F(Eyn) = (8 yn1)] < Alyn — yna| - Dy (1.8),

(iii) This enables us to prove that the e,(z) get smaller. From (1.7) and
(1.8) for n > 1:

lena ()] < | / () — F (b )]

< A / e — o]

and so

e ()] < A / el (1.9)



e1(z) = ya(x) — b= / F(t.bydt.
By P(i), f is bounded by M so that
er(2)] < | / F(t.B)]dt] < Mz — al.

Using this in (1.9) gives

and then by induction, using (1.9)

AT M

len(@)] < —

|z — al|".

This is enough to make the series (1.6) converge:

By the Weierstrass M-test, the series in (1.6) converges to a continuous
function.

This is immediate from (iii), since |z — a| < h and the series with n-th

n—1pn
term M4 n,h converges. Thus

Yn(®) = Yoo()

with yoo(x) continuous. The iteration has a limit, which is a continuous
function. Is this limit a solution of the original problem?

We can take the limit of (1.4) to find

Yo(T) = b+ /x ft, yso(t))dt (1.10)

(this needs justification: it uses a property of the integral and the
continuity of f) but the RHS in (1.10) is differentiable; therefore, so is
Yoo(). Differentiate (1.10) to find

Yno() = [ (2, Yoo(x))

and since also y.(a) = b, it’s a solution. Are there any more?



(vi) Uniqueness: if y(z) and Y (x) are two solutions of the problem, consider
their difference:

e(x) = y(z) — Y(z) = / “(Flty) — £ Y))de
sole@ <1 [ 15(t.9) ~ e, v)lat
< A|/x e

<Al [ letoia

where we have used the Lipschitz condition. Now e(x) is continuous
on R; therefore, it is bounded say |e(z) < B so

[e(z)] < A

/ Bdt' = AB|x — q|

and inductively from this

e(o)| < BarE=" _

n! n!

— 0 asn — oo and e(z) = 0.

The difference is zero, so the solutions are the same i.e. unique (unique-
ness proofs almost always go like this: assume there are two and make
their difference vanish).

This ends the proof of Picard’s Theorem. Since the warning example doesn’t
have a unique solution, something goes wrong for it. As an exercise, show
that the warning example fails the Lipschitz condition (in any neighbourhood
of the initial point).

1.6 Picard for first-order systems

We’ve worked hard to prove existence and uniqueness for a single first-order
ODE (1.1). Now we indicate briefly how the same technique can be used to
solve a larger class of problems. Suppose then we have a system of first-order
ODEs, (or a first-order system) in this case just a pair:

y = f(x,y,2)

2 =yglz,y,2)
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with initial data
y(a) = b; z(a) = c.

We introduce a matrix notation (which is then clearly capable of dealing with
systems of more than two ODEs):

(). =) ()

so that the system can be written as
Y' = F(z,Y); Y(a) =B

We have written a system of any size in a way which is formally identical to
(1.1). We can set about solving it by iteration, following (1.4) by setting

Y o= E‘i‘/ EF(t, Y, (t))dt.

Then this will converge as before if we have a Lipschitz condition
£, w) — £, 0)|] < Allu — vl (1.11)

with some definition of “size” for a vector, which could be

n
— + ]
(%) =l + 1

Theorem: Picard for first-order systems

The solution exists and is unique for F' continuous and Lipschitz in a suitable
region
’y_b’ Skla |Z—C’ §k27 |.’£—CL‘ <h

(and this extends to a system of n equations.)

1.7 Picard for Higher Order ODEs

With Picard extended to first-order systems, it is a small step to extend it
to a single, higher order ODE. For simplicity, we consider just an IVP for
a particular class of second-order ODEs, which are the concern of the next
section where we learn to call them /linear:

Y +p(x)y +q(x)y =0
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with initial data
yla)=b y'(a) =<,
and p, ¢ continuous for |z — a| < h.

To reduce this to a first-order system, introduce z = 3’ and write
y, =z = f(x7y’2)

7= —pz—qy=g(z,y,2)
with data y(a) = b, z(a) = c¢. This is precisely in the form to which the
previous section applies, and its easy to check that (1.11) is satisfied, so we
get:

Theorem: Picard for second-order linear ODEs
With the assumptions we’ve made, the solution exists and is unique.

Clearly this method can be extended to the IVP for an n-th order linear
ODE. In particular, this justifies our belief that an n-th order ODE needs n
pieces of data to fix a unique solution.

1.8 Things that can go wrong with ODEs

We’ve proved existence and uniqueness of solution for a variety of situations.
What kinds of thing can go wrong?

(i) Non-uniqueness of solution, e.g. if Lipschitz fails. We have the warning
example and it is easy to produce other examples.

(ii) Blow up of solutions. Picard may give us a solution for a range of x
but the solution may become singular (or more graphically blow up) if
we try to extend x. As an example, the equation

y/:yQ

with data y(0) = b has solution y = +—; so y — 00 as = — ;.
b

For the second example, Picard will give existence in a rectangle but it may
be small. E.g. with b =1 and v/ = f(z,y) = y?, choose h and k, fixing the
rectangle. For the bound on f, M = (1 + k)? will do, and then to satisfy

Mh < k weneed h < ﬁ < }L. Therefore, for the proof of Picard with this
initial point, we can’t get past x = %1. We could move to a new initial point
and start again, but the explicit solution blows up at x = 1, so we can’t get

past that.
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1.9 Aside: The Interchange Trick

This is a useful device, helpful with higher order ODEs. Suppose we are
interested in the second-order (but not necessarily linear) ODE

y" = flz,y)
with data
y(0) =a, y(0)=0.
Integrate once, from 0 to x:

y(2) b= / " F ey ()t

y(x) = b+ / " At ()t

and then integrate again:

o) =90 = [T [ [ rs.yteasa

) y(x) =a+br + /Ox /Otf(s,y(s))dsdt.

Now in the double integral, interchange the order of integration:

/Om /Otf(s,y(s))dsdt:/Ox/jf(s,y(s))dtd&

Figure 1.3: the region of integration for the interchange trick
(shaded).

Carry out the t-integration:

- / " — ) f(s,y(s))ds

so that N
o) =atbot [ (o= (suls)is

This is the interchange trick, and it can be very useful. Here we’'ve written the
second-order ODE in terms of an integral equation (replacing two integrations
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by one) and we could imagine seeking a solution by iteration (though that is
beyond this course).

Having interchanged once we could imagine iterating that. Thus as an exer-

cise show that, if
T (p— )t
o) = [ B g(syas
O .

(n—1)
then any
d 9(x)
and
y(0) =y (0)= ... =y"D(0)=0.

This is the result of interchanging n — 1 times.

2 Boundary Value Problems for 2nd order
linear ODEs

In this chapter, we consider the problem of solving:

y'(x) +p(x)y +q(x)y = f(z), a<z<b
y(a) = A, y(b) = B.

This is a second-order ODE, so we need two bits of data, but here we are
given y at the ends of an interval rather than y and ' at the same (initial)
point: this is a boundary-value problem (BVP) not an IVP. We are seeking a
solution through two specified points in the plane, namely (a, A) and (b, B).

We want first to explain why this equation is linear.

A second order linear operator is a map of functions

y — Lly] = Pa(z)y" + Pi(2)y’ + Po(x)y. (2.1)

We usually assume the coefficients P;(x) are continuous, with Pa(z) # 0 (i.e.
not the zero function). This operator is linear in the sense that

Llayy + Bys] = aLy1] + BL[ye] (2:2)

for a, B € R (or C, but usually we stay with reals) and functions y;, yo. Thus
its linear in the sense of being a linear transformation on a suitable vector
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space of differentiable functions.

By a 2nd-order linear ODE we mean one of

Lly] := Poy" + Piy/ + Pyy = 0 : H, homogeneous
Lly] := Poy" + Piy + Poy = f : N, inhomogeneous

for some given f.

2.1 Solutions

The following properties of solutions of H and N are easily established:

(i) the solutions of H form a vector space (since if L[y;] = 0 = L[ys] then
Liay + Bys] = 0).

(i) if y; and ys satisfy N then y; — yo satisfies H, so that the general
solution of N may be written

Y= Yypr + Yor
N ~—

any solution of N  general solution of #

where yp; is called the particular integral and yor the complementary func-
tion.

Now we develop more of the vector space language.

2.2 Linear independence of functions

A pair of functions yi(x), yo(z) is linearly independent if the only linear
combination which vanishes (identically):

cy1(z) + coyp(z) = 0

has ¢; = co = 0. They are linearly dependent if such ¢;, not both zero, can
be found. If they are also differentiable then this would entail

ay; + cayhy =0,
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1.e.

Y1 Y2 c1) _
! ! - 0
(?h ?42) (Cz)
so that the determinant of the matrix is zero.

Define the Wronskian of a pair of function to be this determinant:

W (w591, y2) = 11Y5 — Yoy (2.3)

From what we have just seen:

2.3 Proposition

If two functions are linearly dependent then their Wronskian vanishes.

The converse to this isn’t obvious; consider the following pair of (once) dif-

ferentiable functions:
- 0 =<0
1= 2 ¢ >0

- 2 <0
2700 2>0
then W = 0. However, if c;y; + coyo = 0 then evaluation for positive and

negative x shows that ¢; = co = 0, so that these functions are in fact linearly
independent. To establish a partial converse note the following:

2.4 Proposition

If y; and y, satisfy
H:ng”+P1y'+ng:O

then their Wronskian W satisfies.

WP
W PR
The proof is an easy exercise. Solving for W, we get
" Pt }
W = const x ex —/ dt| . 2.4
ol [t (2.4

In particular, provided P, is nowhere zero, if W = 0 at one point, then
W =0 at every point (since in this case the exponential can’t vanish so this
can only happen if the constant in front of (2.4) is zero).
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2.5 A basis of solutions of H

We choose solutions y; and yo of H with

yi(a) =1, w'(a) =0
y2(a) =0, wo'(a) =1

By the work in Section 1, these exist and are unique at least in a neigh-
bourhood of x = a provided Py(a) # 0. Also their Wronskian W (x) has
W{(a) = 1, so is nonzero in this neighbourhood of z = a, and they are lin-
early independent. Do they span the vector space of solutions? Suppose y(x)
is any other solution and set

Y(z) = yi(x)y(a) + ya(2)y (a).

Then this is a solution with

Y(a) =y(a); Y'(a) = y'(a)

and so by uniqueness Y (z) = y(x). Therefore they do span the vector space
of solutions, and therefore they are a basis. We can conclude:

2.6 Proposition

(i) The dimension of the space of solutions of H is 2.

(ii) Any pair of solutions of H with W # 0 is a basis.

Exercise: generalise everything done so far to n-th order linear ODEs.

2.7 Variation of parameters

We now know a good deal about the solutions of H. ‘Variation of parameters’
is a method to use these to solve N. Recall the distinction:

0 :H

Lly] :== Pyy" + Py’ + Poy = f N

and suppose that H is solved by y = c1y1(x) + cay2(x) with linearly indepen-
dent y1,yo. We seek a solution of N of the form

y(x) = cr(z)yi(z) + co(w)ya(2), (2.5)
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i.e. we ‘vary the parameters’. Using two functions to find one, we expect to
be able to impose another condition on the ¢;.
Differentiate (2.5) to find

Y = ay) + cyy + Ay + oy

and now impose
ciy1 + chya = 0. (2.6)

The justification for this is finally that it leads to an explicit formula for the
solution of N. Differentiating again,

Y =yl + ey + YL+

so that
Lly] = Pa(cry) + cayy + A1y + chys)
+Pi(c1y) + cayh)
+Py(cry1 + c2ya).
But, since the y; satisfy H, this gives N as

Lly] = Pa(ciyy + chys) = [ (2.7)

Solve (2.6) and (2.7) for ¢] to find

fy2
and then
C/ _ fyl
2 W

Integrate these to obtain

(2) = - J* é“tfﬁv“ dt .
— 7 i (2.8)
(&) (LU) = ( dt

The freedom in the choice of lower limit in these integrals gives additive
constants in ¢; and so, by (2.5), adds a solution of H to this solution of N.
We shall see how to exploit this freedom after doing an example.
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2.8 An example
Consider the equation (an example of N)

y" +y=tanz for 0 <z <

SE

The corresponding H is
y'+y=0

for which we may choose two linearly-independent solutions as

Y1 = sinx; Yo = COS .
The Wronskian turns out to be

W=y — yon = —1
so by (2.8)

c = /tantcost dt = oy — cos
o = / —tantsint dt = ap — log(secx + tanz) + sinx
where the «; are arbitrary real constants. Then the solution of N is
Yy = ciy1 + C2y2

= —cosxlog(secx + tanx) + vy sinx + g cos x .
A A

~~ N~

PI cF

2.9 Fixing the boundary values: the Green’s function

Suppose we have the BVP
Py’ + Py’ + Py = f (2.9)
with data

y(a) = 0 = y(b). (2.10)

We may solve this by Variation of Parameters, but choosing y; so that y;(a) =
0, and y so that yo(b) = 0. (Assume this can be done; we shall return to
this point.) So

y(a) = cr(x)yi(x) + co(w)ya(2)
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with the ¢; as in (2.8). Then
y(a) = ci(a)yi(a) + cz(a)yz(a)

y(b) = c1(b)y1(b) + ca(b)y2(b).

We want both these to vanish, and, with the choices made for y;, they will if
we impose ¢a(a) = 0 = ¢1(b). In this case, instead of (2.8) we have

JOyt)
a(r) = fx P() wat
O g (2.11)

cafz) = J, BOWE)
Thus we fix the ¢; completely. Now
y(x) = cr(@)yi(2) + co(2)ya ()

I OnOR@ [ OROnE)

By(t)W (1) «  PROW()

which we can write concisely as

_ / ' e ) f (1)t (2.12)

where

y1(Hy2(x)
Rowen 0St<e<b
G(l‘,t) - { y;((t))yl(xg < <}’ (213)

We call G(x,t) the Green’s function for the BVP (2.9)-(2.10).

Note that G(x,t) is defined and continuous on the square a < z < b, a <
t < b in the (x,t)-plane, and, as a help to remembering the formula (2.13),
observe that it vanishes on the sides of this square.

2.10 An example

Extending the example of section 2.8, consider the BVP

v'+y=f(x) for()ga:gg
with data -
v0=0=y(3).

and run through the method:
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Identify H, as before, as y” + y = 0.

Choose solution y; with y;(0) = 0 so y; = sinz will do.

e Choose solution ys with ys (%) = 0 so y2 = cosz will do.
e (Calculate
W=t 2oy
Y1 Yo
e Note P, =1

and so by (2.13)

Gla,t) = —sintcosz 0<t<z <
] —costsine 0<z<t<

STETCIE

The solution of the BVP is then, by (2.12):

jus

y(z) = / C Gl ) f(t)t,

with this G.

(One can think of equation (2.12) metaphorically as follows: the BVP is
L[y] = f so the solution must be y = L7![f] and this formula defines L~.)

2.11 A warning

This procedure will fail if W = 0, i.e. if y; and y, and linearly dependent,
i.e. proportional, which means that H has a (nontrivial) solution vanishing
at both ends. Now think about uniqueness for the BVP: if the solution of
N is not unique then the difference between any two gives a solution of H
satisfying both boundary conditions, which means vanishing at both ends.
We conclude:

e ( is well defined iff
e H+ boundary conditions has no nontrivial solution iff

e N+ boundary conditions has a unique solution.
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If any one of these fails, they all do. If that happens, we must revert to
Variation of Parameters as in section 2.7.

As an example, consider the problem

y' +y=f(z), y(0) =0=y(m), (2.14)

so Hisy"+y=0.

We try to follow the method: choose y; so that y;(0) = 0, e.g. y; = sinx; but
then y;(m) = 0 too. H has a solution vanishing at both ends so that G is not
defined. We revert to Variation of Parameters, choosing a second, linearly
independent, solution ys of H, say ys = cosx. Then W = —1, P, = 1 and
y = c1(z)y1(z) + co(x)ye(z) with ¢; as in (2.8). Now we try to impose the
boundary conditions:

y(0) = ¢2(0) therefore =0 and ¢y = —/ f(t)sintdt
0

by (2.8); but now
y(m) = —ca(m)

and, for the other boundary condition we need this to vanish, which is the
condition

/ f(t)sintdt = 0, (2.15)
0

a necessary condition on f, without which the original problem has no solu-
tion.

We conclude that (2.14) has a solution iff f satisfies (2.15). If f does satisfy
(2.15), then (2.14) has infinitely many solutions, since ¢;(x) is undefined up
to an additive constant.

2.12 Example: Infinite limits
Up to now we have considered BVPs on finite intervals. The extension to

infinite intervals is straightforward but may need care with the limits at the
ends of the interval. Here is an example:

Consider the following BVP problem:

v —u=f, for —oo<z <00
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where f is bounded and continuous on the whole real line. Show that there
is at most one solution which is bounded, and show that it can be written in
the form

u(z) = / K(jx — t]) f()dt (2.16)
for a K which you should find.

Solution: If u; and uy are two bounded solutions of the BVP, consider
u = uy — Ug; this is bounded and solves u” — u = 0; the general solution of
this homogeneous equation is u = Ae®” + Be™ but this solution can only be
bounded for all x if A = B = 0. That proves uniqueness.

For the explicit solution, construct the Green’s function choosing y; — 0 as
xr — —oo and yo — 0 as x — +00; so y; = €” and y, = e~ * will do. Then

W:—Q, P2:1

SO | oo
Ccl = —5/ f(t)e*tdt
1 [* .
@=-3 f(t)e'dt
and
1 ‘ t—x 1 > x—t
u=—- e Tf(t)dt — = " f(t)dt.
2 ) 2/,
Define

2

then this takes the form of (2.16). This is a solution, but is it bounded?
Suppose |f| < M then

ol <| [~ g

—00

< M/ o—la—tl s
2 )
§M/ e tdt
0
— M

so u is bounded, and is therefore the unique bounded solution, by the first
part.
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3 Plane autonomous systems of ODEs

The definition: a plane autonomous system of ODFEs is a pair of ODEs of
the form;

dx

=X 1
= X(ay) (3.1
dy

_— = Y

Here “autonomous” means there is no t-dependence in X or Y, and “plane”
means there are just two equations, so we can draw pictures in the (z,y) -
plane, which will then be called the phase plane. Given initial values x(0) =
a, y(0) = b, we expect to find a unique solution (this needs X and Y Lip-
schitz, which we therefore assume) which will define a trajectory or phase
path in the phase plane. It is convenient, though not necessary, to think of
t as time, and the trajectory as tracing out the path in time of a moving
particle. Then we can put an arrow on the trajectory giving the direction of
increasing t.

3.1 Critical points and closed trajectories

A critical point is a point in the phase plane where X =Y = 0.

A critical point is a particular (very special) trajectory (for which the particle
doesn’t move). Note that trajectories can only cross at a critical point (since
otherwise the particle has more than one velocity there).

There may be trajectories in the phase plane which are closed i.e. which
return to the same point. These correspond to periodic solutions of (3.1)
as may be seen as follows:

suppose that for some finite value p of ¢, (z(p),y(p)) = (x(0),y(0)), while
)

(x}ft),y(t)) # (2(0),y(0)) for 0 < t < p. Define Z(t) = z(t+p), g{t) = y(t+p).
Then

% = X(a(t+p), y(t+p) = X(@(t), §(t))
and

Vv, i),

So (z(t),y(t)) is another solution with z(0) = x(p) = x(0); y(0) = y(p) =
y(0). Now by uniqueness of solution (given Lipschitz again).

z(t +p) = z(t) = x(t)
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y(t+p) =y(t) = y(t),

but this is now true for all ¢, so a closed trajectory corresponds to a
periodic solution of (3.1) with period p. (It would be possible to have
infinite p but then the trajectory has a critical point in its infinite past and
the same critical point in its infinite future.)

3.2 An example

Consider the harmonic oscillator equation
r=—-w.

Turn this into a plane autonomous system by introducing y as follows:

t=y =Xy
so y=-wr =Y(r,y). } (3:2)

(Clearly this trick often works for second-order ODEs arising from Newton’s
equations.) The only critical point is (0, 0), but note that

d

a(w%ﬁ +y%) = 2wiad + 2yy = 0

so w?z? + y* = constant. (which, from Mods mechanics, we know to be
proportional to the total energy). For a given value of the constant this is
the equation of an ellipse, so we can draw all the trajectories in the phase
plane as a set of nested (concentric) ellipses:

Figure 3.1: the phase portrait for the harmonic oscillator; to put
the arrows on the trajectories, notice that = > 0 if y > 0.

The picture in the phase plane is called the phase portrait and from that we
see that all trajectories are closed, so all solutions are periodic (as we already
know, from Mods).

We want to learn how to sketch the trajectories in the phase plane in general.
We start by classifying critical points, so suppose P = (a,b) is a c.p. for (3.1),
SO

X(a,b) =0=Y(a,b). (3.3)

Now = = a, y = b is a solution of (3.1). We analyse its stability by setting
z=a+((t); y=>0b+nt)
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where ¢ and 7 are thought of as small. From (3.1),
T = C = X(a+(,b+n) = X(a,b) + (Xal, +nX,[, + ho.

y=1n=7Y(ab)+ (Y|, +1Y,l, + ho.

where ‘h.o.” means quadratic and higher order terms in ¢ and 7. Now use
(3.3) and neglect higher order terms to find

() = (e 2) ()

n) \C D) \n

(28 - (5 o) o4
¢ D Yalp Yylp

Call this (constant) matrix M and set Z(t) = <§7) then (3.4) becomes

7=

1<

Z. (3.5)

We can solve (3.5) with eigen-vectors and eigen-values as follows: Z,e* is a
solution, with constant vector Z,, and constant scalar A if

Ny =M Z,

i.e. Z, is an eigen-vector of M with eigen-value \. We are considering just

2 x 2-matrices, with eigen-values say A\, and A, so the general solution if
/\1 7é )\2 is
Z(t) = 1 Z,eM + ey 2, (3.6)

for constant c¢;. Recall A1, Ao may be real, in which case the ¢; and the Z, are
real, or a complex conjugate pair, in which case the ¢; and the Z, are too.

If A1 = X2 = X € R say, we need to take more care. The Cayley-Hamilton
Theorem implies that (M — AI)* = 0 since the characteristic polynomial is
cyr(z) = (x—N)?, so either M —AI = 0 or M —\I # 0. We have a dichotomy:

(i) if M — Al =0 then M = AI and the solution is
Z(t) = ce
for any constant vector C'.

(ii) if M — Al # 0 then there exists a constant vector Z; with
Zy:=(M—X)Z, #0
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but
(M= X)Zy=(M - )‘1)221 =0.

One now checks that the solution of (3.5) is

(12, + (co+ crt) Zy)eM. (3.7)

Now we can use (3.6) and (3.7) to classify critical points.

3.3 Classification of critical points

Case 1. A\, > A\; > 0 (both real of course)

From (3.6), as t — —oo, Z(t) — 0, while as t — 400, Z(t) ~ a large
multiple of Z,, unless ¢y = 0 when Z(t) ~ a large multiple of Z,

Figure 3.2: an unstable node.

These trajectories converge on the critical point into the past, but go off
to infinity in the future. A critical point with these properties is called an
unstable node or an unstable improper node.

Case 2: A\; < Ay < 0 (both real)

This is as above but with ¢ — —t and the roles of Z,, Z, switched. The
trajectories converge on the critical point into the future and come in from
infinity in the past.

Figure 3.3: a stable node.

This is a stable node or stable improper node.

Case 3: A\; <0 < A2 (both real)

If ; =0then Z(t) — oo along Z, ast — oo

— 0 as t — —oo.
If c=0then Z(t) —0 along Z, ast — oo
— 00 as t — —oo.

If ¢1,¢9 # 0 then Z(t) — oo along Z, as t — oo along Z, as t — —oc.
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Most trajectories come in approximately parallel to £Z; and go out asymp-
toting to £Z,.

Figure 3.4: a saddle.

This is a saddle (to motivate the name, think of the trajectories as contour
lines on a map; then two opposite directions from the critical point are uphill
and the two orthogonal directions are downhill).

Case (i) of equal roots is a proper node, stable if A < 0 and unstable if
A > 0. Case (ii) of equal roots is again an improper node but the phase
portrait is different.

Figure 3.5: unstable proper node case (i) and unstable improper
node case (ii)

If the eigen-values are a complex conjugate pair we may write
M=p—tw, X=p+iv u veR

and the classification continues in terms of p and v.
Case 4: =0

so Ay = —iv and A} = —v* < 0; in terms of the matrix M of (3.4), A+D =0
but AD — BC > 0 so BC' < 0. Equation (3.4) becomes

(g) - (é —BA) (S,) (3.8)

As an exercise, show that now —C(? + 2A(n + Bn? is constant in time. We
know that B, C have opposite signs with (—BC) > A? so this is the equation
of an ellipse.

Figure 3.6: a clockwise centre (B > 0).

This case is called a centre. The sense of the trajectories, clockwise or an-
ticlockwise, depends on the sign of B; as can be seen from (3.8), B > 0 is
clockwise (take ¢ = 0 and n > 0, then (= Bn which is positive for positive
n i.e. arrow points right).

Case 5: u#0

26



So, in (3.6), we must have Z, = Z, and ¢; = ¢, and

Z(t) — e,ut [Clzle—wt 4 Elzleiut] ’

which is just like case 4, but with the extra factor e#!, which is monotonic in
time. We have another dichotomy:

(i) p > 0 then |Z(t)] — oo as t — oo so the trajectory spirals out, into
the future. This is called an unstable spiral.

Figure 3.7: an unstable spiral; reverse the arrows for a stable
spiral

(ii) p < 0O this is the previous with time reversed so it spirals in, and is
called a stable spiral.

In case 5, as in case 4, the sense of the spiral is dictated by the sign of B.

Important observation: if A+ D > 0 then we have one of the cases 1, 3
or 5(i), all of which are unstable (but if A+ D < 0 the critical point can be
stable or unstable).

3.4 An example

Find and classify the critical points for the system
i=z—y=X(zy)
j=1l-zy=Y(z,y)

solution: for the critical points, from X = 0 deduce = = y, therefore from
Y = 0 deduce z*> = 1, and we have either (1,1) or (—1,—1).

For the classification, calculate

(X Xy (1 -1
vz w) - %)
and evaluate at the cps:

at(1,1):M:(_11 j): N—2=0: A=+V2
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this is a saddle. The corresponding eigenvectors are:

A= —V2 Z, = (1 +1\/§> direction in

1
Xo=V2 Z,= (1 B \/5) direction out

at (—=1,-1): M = G _11> t AT =20 4+2=0: A=1+i.

this is an unstable spiral; B < 0, so its described anticlockwise.

Figure 3.8: the phase portrait.

3.5 Further example: the damped pendulum

Another example from mechanics: a simple plane pendulum with a damping
force proportional to the angular velocity. We shall use the analysis of plane
autonomous systems to understand the motion.

Take 6 to be the angle with the downward vertical, then Newton’s equation
is
mlf = —mgsin 6 — mklb,

where m is the mass of the bob, [ is the length of the string, g is the acceler-
ation due to gravity and k is a (real, positive) constant (so that the damping
force is mk times the velocity, for simplicity below). We cast this as a plane
autonomous system in the usual way: set z =0 and y = & = 0 so

T =y
y = —% sinx — ky
For simplicity below, we’ll also assume that k2 < 479, so that the damping

isn’t too large.

To sketch the phase portrait, we first find and classify the critical points.
The critical points satisfy y = 0 = sinz, so are located at (z,y) = (N, 0).

Then
0 1
M = <—% coS T —k:)



The classification depends on whether N is even or odd:

for x = 2nm M:(O 1)

-

which I claim gives a (clockwise) stable spiral (this needs the condition on k
above) ;

fore=02n+1)r M= (O —1k>

~I

which I claim gives a saddle.
We now have enough information to sketch the phase portrait (note that &
is positive or negative according as y is).

Figure 3.9: the phase portrait of the damped pendulum

3.6 An important example: The Lotka—Volterra equa-
tions

This is a simplified mathematical model of a predator-prey system. Think
of variables x standing for the population of prey, and y for the population
of predators, both functions of ¢ for time. As time passes, x increases as the
prey breed, but decreases as the predators predate; likewise y increases by
predation but decreases if too many prey compete. We assume that = and y
are governed by the following plane autonomous system:

T = ar—yzy (3.9)
where o, 3, 7, & are positive real constants. Because of the interpretation
as populations, we only care about x > 0, y > 0 but we shall consider the
whole plane for simplicity. Again, the aim is to use the analysis of plane

autonomous systems to lead us to the phase portrait and an understanding
of the dynamics.

For the critical points first, set
X =z(a—vyy)=0

Y i=y(=B+dx) = 0.
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There are two solutions, (0,0) and (2, <) For the matrix:

M= X, Xy _ (=Y -z
Y: Y, oy  —B+ox

at (0,0): M = (g‘ _Oﬁ)

which gives a saddle, where, it is easy to see, the out-directon is the x-axis
and the in-direction is the y-axis. Next

_ By
at é,g M= 095 SN +aB=0
Y = 0

~

so first

which gives a centre, described anticlockwise since B < 0.

We have found and classified the critical points. Before sketching the phase
portrait, it is worth noting, from (3.9), that if z = 0 then £ = 0 and if y = 0
then y = 0. Thus the axes are particular trajectories, and trajectories can
only cross at critical points (as noted before).

Figure 3.10: the phase portrait for the Lotka-Volterra system

Therefore any trajectory which is ever in the first quadrant is confined to the
first quadrant, and no trajectory can enter the first quadrant from outside.
Since there is a centre in the first quadrant, it looks as though all trajectories
in the first quadrant are periodic. This is true, and can be seen by the
following argument: form the ratio

g _y(=B+ax) dy

& zla—vy)  dr
and separate

(a—’yy)dy_ (—ﬁ:éw)dxzo;

now integrate
Blogx — dx + alogy — vy = const

or
2Pye e = C, (3.10)

for a constant ', which is necessarily positive for a trajectory which is ever
in the first quadrant. For different values of C, (3.10) is the equation of the
trajectory or equivalently the trajectories are the level sets or contours of the
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function on the left in (3.10). This function has a single maximum, vanishes
on the axes and goes to zero at infinity. Therefore its contours are all closed
curves and so all the trajectories are closed and all the solutions of (3.9) are
periodic.

This useful technique can be applied to other examples.

3.7 Another important example: limit cycles

Consider the plane autonomous system:
i=(1- (2 +y*))r—y
j=(1= (@ +y)y+a
Without the first term in each, this is the harmonic oscillator.

Put 2?2 + y? = r? then
X=z(1-7r)—y

Y=y(l—r)+z

and one sees that only critical point is (0,0). One can go through the clas-
sification for this, to find that it is an unstable spiral (exercise!) or discover
this fact from the following.

We shall transform to polar coordinates. The simplest way to do this is as
follows: first

rr =zt +yy=z[z(l —7r)—y] +yly(l —7r)+ ]

=731 —r)
or

r=r(l-—r).
Then, with

y =rsind,
we find

§=rsinf+rcosfd =y(l—r)+z,

which gives 0, so the system becomes



Unlike the system in its previous form, we can solve this. First

0 =t -+ const,
and then p . .
dt=—"_ —ar(-+
r(1—r) ro l—r
SO
r
log ] =t + const
i.e. r
= Ae".
1—r c

Solve for r and change the constant:

1 1

T:1+Be—t_1+(i— et

where 7(0) = ro.

Note that as t — oo, » — 1, while as t — —oo either r — 0 if 7o < 1 or
r — oo at some finite ¢ if ry > 1.

Now it is clear that the origin is an unstable spiral, and that the trajectories
spiral out of it anticlockwise. We can also see that r = 1 is a closed trajectory
and that all other trajectories (except the fixed point at the origin) tend to
it; we call such a closed trajectory a limit cycle. It is stable because the
other trajectories converge on it. (For an example of an unstable limit cycle
we could consider the same system but with ¢ changed to —t.)

Figure 3.11: phase portrait with a limit cycle

Another system with a limit cycle arises from the Van der Pol equation:
i+e(x®—1)i+z=0

where € is a positive real constant. If e = 0 this is the harmonic oscillator
again. If € # 0 then the usual trick produces a plane autonomous system:

T=1y
g = —e(x? — 1)y — x.

The only critical point is (0,0) and its an unstable spiral for € > 0 (exercise!).
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Claim: Its beyond us to show this, but this system has a unique limit cycle,
which is stable. There are some good illustrations for this in e.g. Boyce and
di Prima (pp 496-500 of the 5th edition).

It’s important to be able to detect periodic solution, but can be tricky. We
end this section with a discussion of a test that can rule them out.

3.8 The Bendixson—Dulac Theorem

Consider the system & = X(x,y), y = Y(x,y). If there exists a function

o(z,y) with
0 0
pi=o-(9X)+ a—y(soY) >0
in a simply connected region R then there can be no (nontrivial) closed tra-
jectories lying entirely in R.

Proof. By nontrivial, I mean I want such a trajectory to have an inside i.e.
it isn’t just a fixed point. So suppose C'is a closed trajectory lying entirely
in R; it is nontrivial so there is a disc D lying entirely in R whose boundary
is C. Consider the integral

//Dpd“”dy://D [%(SOXH%«@Y) drdy

= % —pYdr + pXdy
c

= j{ —p (—ydx + dy)
c

but on C, dx = dt, dy = ydt so this is zero, which contradicts positivity of
p, so there can be no such C.

3.8.1 Corollary.

It
oX oY

R + R

or 0Oy
has fixed sign in a simply connected region R, then there are no (nontrivial)
closed trajectories lying entirely in R.
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This is just the previous but with ¢ const — in an example, always try this

first!

3.9
(1)

(iii)

Examples

the damped pendulum (section 3.5)
T=y
Y= —% sinz — ky

has no periodic solutions.

Here
0X 0Y B

92 _ k<o
@:B+8y <5

now use the corollary.

I+ flx)t+x=0

has no periodic solutions in a region where f has a fixed sign.

By the usual trick we get the system

r=y
j=-yf(z) -z
then ax oy
o T oy~ 1)
and we use the corollary.
The system
T=y

y=-c—y+a*+y’
has no periodic solutions.

The corollary doesn’t help so try the general case:
pi=(pX)z + (0Y)y = o(=14+2y) + X0z + Yo,

Now guess: ¢, = 0 then p = p(—1+ 2y) + yp, so take p = —e~
p=2¢"% > (0 and we are done.

2z and

Clearly, if ¢ isn’t constant we need luck or a hint!
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4 First-order quasi-linear PDEs: the method
of characteristics

4.1 The problem

In this chapter, we are interested in a PDE of the following form:

P(z,y, z)% + Q(z,v, z)g—; = R(x,y, 2) (4.1)
This is clearly first-order, and is quasi-linear by being linear in the highest
order partial. Note that P, are allowed to depend on z, so that neither the
whole equation nor even the left-hand-side are actually linear in z. We shall
assume that P, (), R are continuous and Lipschitz in the region of interest,
yet to be defined.

There are two problems: find the (or a) general solution or find a unique
solution given data and determine its domain of definition. This is the region
in the (z,y)-plane in which the solution is uniquely determined by the data.
It turns out to depend on both the equation and the data.

The solution of (4.1) will be a function

z= f(r,y)

but can be thought of as the surface defined by this equation, or equivalently
defined by the equation

Y(z,y,2) =z — f(x,y) = 0. (4.2)

We shall refer to this as the solution surface and call it 3. The method of
solution of the equation will be to generate X..

Figure 4.1: the solution surface

A normal to the solution surface is defined by

oY, 0¥ 0%
n=vy= (%7 a_yva) - (_fwv _fyal)‘

(this is a fact from Mods for the single-subject mathematicians; Maths and

Comp students should ask their tutors for enlightenment) so consider the
vector t = (P, Q, R). Then

_ pof  of
t-n= P@x Q8y+R’
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which vanishes by (4.1), so t is tangent to the surface 3.

4.2 The big idea: characteristics

We look for a curve I whose tangent is t. If I' = (z(s), y(s), 2(s)) in terms
of a parameter s (not necessarily path-length) this means

% = P(ZL‘,y,Z),

&y = x,Y,z), 43
gs

T =R(x,y,2).

These are the characteristics equations and the curve I' is a characteristic
curve or just a characteristic. Given a characteristic (z(s), y(s), z(s)), call the
curve (z(s),y(s),0), which lies below it in the (z,y)-plane, the characteristic
trace or characteristic projection.

The next result shows that characteristics exist, and gives the crucial prop-
erty of them:

4.3 Proposition
(a) Through each point of space there is a unique characteristic.
(b) Given a point p € T, the characteristic through p lies entirely on X.

Proof
(a) This, with our assumptions on P,Q, R, follows from existence and
uniqueness for systems.

(b) (This is fiddly.) Consider the function ¥ as a function along I'; if it
stays zero then I' lies on the surface > = 0. So

¥ =2(s) — f(z(s),y(s))

whence
2 — Ra(9).3(5).2(5)) ~ L P(a(s).9(s), ()
of
- 5o @(5).(5).2(5)



using (4.3), while

0 0
Rlz,y. )= P f) - Q. ) =0
using (4.1). Subtract these
9 0
8_§ = R(x,y,2) — R(z,y, [) + (P(z,y,2) — P(x,y,f)a—£
~(QG5.2) = Qe )

Now put z = f 4+ X, then the RHS here is a function F(3(s),s) for
some F' with F(0,s) = 0.

We have an ODE for 3(s), and the RHS is Lifschitz (check!), so it
has a unique solution, but ¥(s) = 0 is a solution, so it’s the only one.
Therefore, ¥ = 0 all along I', so I lies on the solution surface. Q.E.D.

Thus the solution surface X is ruled or generated by a collection of charac-
teristics.

4.3.1 Examples of characteristics

We need to gain proficiency in calculating characteristics.

(a) Calculate the characteristics for the PDE:

Ox y@y_'

From (4.3) write down the characteristic equations and solve them:

d
d—izP:x; xr = Ae’
d
d—y=Q=y; y = Be®
s
d
d—z:R:z, z=(Ce’®

with A, B, C constants (trivial to solve).
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(b) Calculate the characteristics for the PDE:

(x—z)%+%+z:0.

This is a little trickier:

d C
d—izx—z; x:Aes+§e_s
dy
s ;Y + s
d
d—z:—z; z=Ce".

with A, B, C constants. To solve this system, pass over the first, solve
the second and third, then come back to the first. (I am adopting a
convention to introduce the constants A, B, C' in the first, second and
third of the characteristic equations respectively.)

Solving the characteristic equations needs experience and luck; there isn’t a
general algorithm.

4.3.2 The Cauchy problem

Now suppose we are given the solution z of (4.1) along a curve 7, (the data
curve) in the (z,y)-plane. This produces a curve 7y in space:

Figure 4.2: geometry of the Cauchy problem.

We introduce a parameter t along v so it is (x(t),y(t), z(t)) while ~y is the
projection (z(t),y(t),0). Then, to solve (4.1), we construct the solution
surface X by taking the characteristics through the points of 4. Thus the
method of solution, the method of characteristics, is

(i) Parametrise v as (z(t),y(t), z(t)).

(ii) Solve 5
a—izp
=
% -k
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for (x(s,t),y(s,t), z(s,t)) with data z(0,t) = x(t); y(0,t) = y(t); 2(0,t) =

2(t).

then, knowing (x(s,t),y(s,t), z(s,t)), we have found X parametrically i.e. as
a function of s and ¢.

We would like the solution explicitly, that is z in terms of x and y, a question
to explore below, and there is a restriction on the data for the method to
work, also to be found later.

4.4
(2)

Examples

Solve

0z 0z
(a:—z)%—i—a—y—l—z—o,

Withz:lon:c:yfor0<:c<%.
Figure 4.3: the data curve for this problem.

We introduce a parameter t for the data, say v(t) = (¢,¢,1), for 0 <
t < 1/2, and then solve the characteristic equations (done in section
4.3.1) with this as data at s =0

C C
:U:Aes+§e_s; x(O,t):A+§:t

y=B+s; y0,t)=B=t
z=Ce% 2(0,t)=C=1

So,C=1,B=t, A=1t— % and the parametric form of the solution is

r=(t—3)e’ + %e‘s

y=t+s (4.4)
z=e°
for 0 <t < 3.
Solve
0z 0z 1

with z =sinx on y = 0.
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So we can take y(t) = (¢,0,sint), and solve the characteristic equations:

@:P:z; ZE:A—QOG_%S; A-2C=t
Js
%:Qzls y=B+s; B=0
ox
1
g_z:R:_§Z; z:C'e_%S; C =sint

where the third column is the value at s = 0. So the parametric form
of the solution is

z = (t+2sint) — 2sint e 2°
y=-s (4.5)

. 1
z=sInte 2

4.5 Domain of definition

Where is the solution determined uniquely by the data? This is the domain
of definition and will be the region in the (x,y)-plane where the solution
surface is a graph of the function z = f(x,y). The solution surface may have
edges and may have singularities. We want z as a function of x and y, so we
need to be able to eliminate s and ¢ in favour of x and y, at least in principle.
For this, recall from Mods the definition of the Jacobian:

J= ‘8(:U,y)‘ - ‘det (I yS) ‘ . (4.6)

Ty Yt

The significance of J, again from mods, is that it relates the area elements:
dr dy = Jds dt

(this may not be known to Maths and Comp students; ask your tutor for
enlightenment). Now a necessary condition to be able to eliminate s and ¢
in favour of x and y is that J be finite and non-zero, because we need non-
zero infinitesimal areas on the plane and on the surface to correspond (think
about this geometrically); in simply-connected regions of the (x, y)-plane this
condition on J is also sufficient - that’s harder to prove so we’ll just believe
it for now.

Let us determine the domain of definition for the example of section 4.4a:
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The solution surface has edges given by the characteristics through the ends
of v, which are at t =0 and t = 1/2.

At t = 0, the characteristic trace is
xr = —sinhs; y=s so x = —sinhy;

at t = % it’s

Figure 4.4: the domain of definition for this problem.

so the surface lies above the region

—sinhy <z < Zer V (4.7)

N | —

and these curves don’t meet (check!). Next
J= ‘det (x yS)
Tr Yt

dot (t—1)et—3de® 1
e’ 1

3 1
= ‘(t — 5)65 — 56_8

but t — % < 0, so this is never zero (or co), and the surface has no singulari-
ties. Therefore (4.7) gives the domain of definition.

Now look at the example of section 4.4b; there are no edges but

x 1
det (xt 0)‘ = |z

= |1+ 2cost(l — e_%5)|,

J:

where * is unimportant for the determinant.

This is non-zero for s = 0 i.e. initially, but it can vanish. Consider the range

4
1og§ < s<log4
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SO

3
—2log§ <y <2log?2

the surface ¥ is well-defined, but outside this range 3 “curls up” (J vanishes
and the surface becomes vertical before overlapping itself, ceasing to be a

graph).

4.6 Cauchy data

We could calculate J at s = 0 i.e. at . There it is

det (xs ys) det (P Q)'
Ty Yt r y

using a dot for d/dt at o = (z(t),y(t),0). So on vy we require

P(z,y,2)y — Q(z,y,z)& # 0. (4.8)

This is a necessary condition on the data for the solution to exist; if it
holds, call the data Cauchy data. (Geometrically, the condition is that the
characteristic traces at 7y are not tangent to it.)

4.7 Multivalued solutions and blow-up

To get a better grip on what happens when J is 0 or oo, we shall do another
example, which is basic for this phenomenon: solve

Zx+ZZy:O } (49)

z= f(y) on x = 0.
We start with the characteristic equations:

O Pty w=stA o=A=0
0s
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—=Q=2z2 y=B+4+Cs; y=B=t

—=R=0; 2=C; z=C=f(t)

where, as usual, the third column gives the values at s = 0. Note that z is
constant along any characteristic.

The solution is

y;t+8f(t)
z = f(t)

which we can rearrange as y — xz = t; z = f(t) or, by eliminating ¢,

z= fy —zz).
This is an important formula, giving the implicit solution of (4.9), and a lot
of information can be obtained from it.

Note that
Ts Ys /
det = |1+ sf'(t)].
(5 ) =1+ sro)

At s =0, J =1%#0, so by (4.8) this is Cauchy data, but if f' < 0 for any
t, then J =0 at s = f,_—(lt) > (. If we think of z as time, so that the data was
given at time zero, then a problem has arisen at a finite time after the start.

J:

What is the nature of this problem? Calculate the partial derivative by the

chain rule: 9 9 9 95 9 5
z z Oz z Oy z , ,
Te_ et Y Pt —
o or o Tag o oyl
so that
0z [f'(t)
dy 1+ sf'(t)
and this goes to oo as s — —f%(t), ie. g—; — 00 where J — 0. Hence also
0z 0z
— = —Z— — 00.
ox dy

This is known as a “finite-time blow up” of the partial derivatives (we don’t
know that z itself is singular).

For more details, we look at a special case: consider the following f

flyy= 0y <0
—y 0<y<l1
-1 y>1
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We draw the characteristic traces, and recall that z is constant along the
characteristic (figure 4.5).

Figure 4.5: the characteristic traces; note the convergence at r = 1

From this we can sketch the graph of z(z,y) at x = 1/2,1 and 3/2 (figure
4.6).

Figure 4.6: the graph of z(z,y) at x = 1/2,1 and 3/2

From the figures, for x > 1, z is multi-valued, and the solution is not uniquely
determined.

In the context of this example, note that:

1. we could do a smooth version with e.g. f(y) = —1 — tanhy and get a
qualitatively similar picture;

Figure 4.7: smooth version of figure 4.6 with f = —1 — tanhy.

2. what is happening in the smooth version is that the tangent becomes

vertical, so g—z — 00;

3. if, as happens in some examples, z is the height of a fluid surface,
then this is like a breaking wave but if z was e.g. pressure p(z,y) at a
point in the plane, we would need a rule to help us choose which of the
solutions is the physically correct one. We would then need to learn to
live with solutions with discontinuities, interpreting them as “shocks”
or “shock waves”.

5 Classification of 2nd order linear PDEs

In this section, we are interested in PDEs of the following form:

a(z, Y)uze + 26(x, y)ugy + c(z, y)uy, + f(2,y, 1w, ug, uy) . (5.1)

principal part linear in w,u.,u,

We know to call these second-order and linear, and we have seen the following
examples in Mods:

Uzy + Uy, = 0 Laplace equation
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Upy — Uyy = 0 wave equation if y = ct

Uz — Uy =0 heat equation if y = t/k.

5.1 The idea:

In this section, the key idea is to change coordinates so as to simplify the
principal part. Thus

(z,y) = (p(z,y),¥(z,y));

e, ¢) B

For the change in the partials, we calculate

with

Uy = UpPy + Uy Uy = Uy + Uyty
then
Upy = Upp P + 2y Pathy + Uy s + UpPug + Uy

Uy = UppPaPy + Upy (P20y + Vopy) + Upyzthy + Up Py + Uy

Uyy = “w@z + 2Upp oy Yy + Uwﬂ/fﬁ + Uppyy + Uythyy
so that (5.1) becomes

A Upp + 2Bugy + Cuyy + F(p, ¥, u, upuy) =0 (5.2)

with
A = a@? + 20,0y + el
B = ap 1, + b(gpaﬂ/)y + Wyd’m) + C¢y¢y (5'3)
C = a2 + 20,0, + 01/12

In a matrix notation (5.3) is (check!)

<A B) _ (% %) (a b) (sox wx)
B C Vo Wy) \b c) \py by

(AC — B?) = (ac — b*)(uthy — Yuipy)”. (5-4)
(we could obtain (5.4) directly from (5.3) but the matrix notation makes it

more perspicuous). Now (5.4) leads to a classification of second-order linear
PDEs which is then invariant under change of independent variables:

so that
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5.2 The Classification

Second-order linear PDEs are classified into three types as follows:

1. ac < b* hyperbolic: e.g. wave equation;
2. ac > b? elliptic: e.g. Laplace equation;

3. ac = b? parabolic: e.g. heat equation.

We shall look at the classification in terms of the quadratic polynomial

a(x, y)A\* — 2b(x, y)A + c(z,y) = 0. (5.5)

Case 1: hyperbolic type
So ac < b? and the quadratic has distinct real roots A, Aa.

We solve the first-order quasi-linear PDEs:

r + M (T, y)py = 0; Py + Aa(7, )by =0 (5.6)

to find new coordinates ¢, ¢; then from (5.3) and (5.5) A = C' = 0; while
from (5.4) B # 0. Divide (5.2) by B to obtain the equation in the form

Uy + G(SO, 1/]’ Uy Uy, Uw) = 0. (57)

This is the canonical form for a hyperbolic equation; ¢, ¢ are characteristic
or sometimes canonical variables; curves on which ¢ or v are constant are
characteristic curves. We can often solve (5.7) explicitly.

5.3 Examples
(a)

Uy — Uyy = 0.

We already know how to solve this, but let us apply the method. So
a=1,b=0, c=—1,and > =1 =0.

We can take



and solve (5.6)
Yrt iy =0 =1, =0
by
p=c—y Yv=r+y.
(There is clearly lots of choice at this stage.) The equation has become
Upy =0,

which we solve at once by

u=f(e)+9),

a solution known from Mods.

An example with data: solve

@y -
@—x%w v =0

TUzz — (ZL' + y)uﬂcy + Ylyy +
with
u=—(x—1?% wu,=0 on y=1
The quadratic (5.5) is
e+ (r+y)A+y=0

= A+ 1)(zX +y);

so choose

)\1:—1 )\Qz—g
Xz

(these roots are real and distinct away from x = ¥, so the equation is
hyperbolic except on that line) and solve

Y
pr_@y:O; %—;%zo

by
p=x+y; V=uy.
Calculate
Uy = Uy + YUy

Uy = Uy + TUy,
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so that
Ugy = Upp + 2yu501/1 + y2u¢1/1

Ugy = Upyp + TUpy + Ylpy T TYUyy + Uy
Uyy = Upy + 20Uy + T Uyy

(it isn’t worth remembering the second-order chain rule, since it is
readily obtained from the first-order one when needed.)

Now the PDE becomes
0= x[uw + 2yupy + yguww]

—(z + y)[uw@o + (T + Y) Uy TY Uy + uw]
‘HJ[uws@ + 2xugy + xQUUJw]
+( + y)uy
= (dzy — (x4 y)*) gy

SO
Upy =0

and the solution is
u= f(o) +9) = flx+y)+glry).

To impose the data, calculate

uy = f'(x+y) + zg'(zy)
soony =1,

1
w=fla+1)+g(e) = 5~ 1)?
w, = f'(a+ 1) +2g'(x) = 0.

Differentiate the first:

fla+1)+4¢ (@) =z -1

and solve simultaneously with the second:

g(x)=-1, fllz+1)=u,
so that f’(z) = = — 1. Integrate to find

g(x)=—x+4+¢ f(a:):gQ—:c—l—cQ
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and substitute back in u(z,1):
1 2 1 2
5(91:—1) = —x+cl+§(x+1) —(x+1)+c

to find
C1+ Cy = 1.

Finally
1
u=g(r+y) —(@+y +1-wy.

Case 2: elliptic type

Now ac > b* so (5.5) has a complex conjugate pair of roots. Can we solve

Pz + )\(l’,y)@y =0= 1% + 5\(3:7 y)¢y?

Assume so, with solutions ¢ = ¢, then A = C =0, B # 0 and the equation
becomes
Ups + G(p, @, U, Uy, uy) = 0.

Introduce real and imaginary parts for ¢ as ¢ = ( +1in, p = ( —in to obtain
the canonical form for an elliptic equation:

Uce + Uy + H(C,n,u,uc,uy) =0, (5.8)

which closely resembles the Laplace equation.

Case 3: parabolic type

Now ac = b* so (5.5) has a repeated root \(z,y). Solve ¢, +A(x,y)p, = 0 for
one new coordinate, and pick any ¢ with ¢, — ., # 0 as the other, then
A = B = 0 so, provided C' # 0, we get the canonical form for a parabolic
equation:

Upy + G (U, @, 1, Uy, uy) =0,

which closely resembles the heat equation.

5.4 Example

Classify and reduce to canonical form the equation

Uy + 20YUyy + YUy, = 0. (5.9)
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The relevant quadratic is
22X\ =22y + P =0 = (z) — y)?
which has equal roots, so this equation is parabolic; A = £ so solve
) Y
P + —QOy = 07 bY? g, p=—
x x

and take, for example, ¢ = z. Calculate

Yy
Uy = ——SUy, + U
T 22 p
Uy = —U
y = e
so that
%
Uag = —Flhop = 2-FUpy + Uyy +2- 3y
Y 1 1
Uzy = 3 Upp + Euww 22 Uyp
1

u —u

vy .1'2 pp

The equation becomes

2
2| Y 2y 2y
x L—@UW + 72 et + Uypy + g%}

Y 1 1
+2zy T3 e + 2ot T ate

1
= y2 {Puww]

= J]2U¢¢ =0

so the canonical form is

Uy =0
with general solution u = F(¢) + ¢¥G(y¢). In terms of the original variables
this is:

u=F (%) +a26(2). (5.10)

x x
NB Very often, a question like this will be phrased in the form ‘Classify
and reduce to canonical form the equation (5.9) and show that the general

solution can be written as (5.10)’. Therefore candidates for ¢ and 9 are
proposed by the question itself.
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5.5 A warning example
The type can change e.g. classify the equation
Ugg + YUyy = 0.

Then
A2+y:O’ )‘2:_:%

and this is:
e clliptic in y > 0,
e parabolic at y = 0,

e hyperbolic in y < 0.

5.6 Type and data: well-posed problems

We want to say something about the notion of well-posed-ness and its con-
nection with type. Our examples are mostly based on knowledge acquired in
Mods.

A problem, consisting of a PDE with data, is said to be well-posed if the
solution:

® exists

e is unique

e depends continuously on the data.
We can’t be precise about what continuous dependence on the data means,
but motivated by the general idea of continuity we take it to mean that

a small change in the data (in some sense) leads to a small change in the
solution (in possibly some other sense).

We look at some examples from Mods:
(a) The IVP and IBVP (initial-boundary-value problem) for the wave equa-

tion
Upy — Uy =0 (ct =y).
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For the IVP, we know the solution is

u=f(z+y)+glx—y)

1 1 [
5lele+y)+ol@—y)l+5

2 2 Jury

where the data are u(x,0) = ¢(x) and u,(x,0) = (). This is
d’Alembert’s solution of the IVP: it exists, and is unique and, intu-
itively at least, a small change in ¢, gives a small change in u (in fact
one can be a bit more precise here). So this problem is well-posed.

For the IBVP consider the set-up:

y
p(s)ds,

u(z,0) = f(z), wuy(z,0)=g(x) 0<z<L
u(0,y) =0=u(L,y).
So the boundaries are at x = 0, L. This IBVP is solved with Fourier
series nmx niw nm
u= Zn:SiHT <anCOSTy +bnsinTy>
with a,, b, uniquely fixed by f, ¢g. Again this problem is well-posed
(with an appeal to intuition for continuous dependence on the data).

The BVP for the Laplace equation

Ugz + Uyy = 0.
Do this first with data at the sides of a square, so 0 < x,y < a with
u(0,9) = u(a, y) = ulx,0) = 0; u(z,a) = f(z).
Consider separable solutions u,, = sin *7* sinh *¢, then

. nmwx . . nmy
U= E a, sin — sinh —=

a a
n

and
nmwT

flx) = Z a, sinh(nm) sin —

a
which determines the solution as a Fourier series.

Now a different BVP, with data at the circumference of the unit circle:

onr=1, u= f(0)
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and in polars

1
Upyr + —Up + —Ugo = 0.
r T

The separable solutions are

(Ar™ 4+ £) (C cosnf + D sinnb)
A+ Blogr, n=0

Regularity at » = 0 implies
L+ o crand b
u==a r"(a, cosn nSinm
2" 4

and the boundary value at » = 1 requires

1 .
500 + Z(an cosnf + b, sinnd) = f(0)

which again is solved by Fourier methods.

For these two cases at least, the BVP for the Laplace equation is well-
posed (uniqueness was shown in Mods). It is plausible, but beyond our
scope, to show this in general.

The IBVP for the heat equation
Upy = Uy
on the semi-infinite strip where y =¢ > 0 and 0 < x < L, and data

u(z,0) = f(z); u(0,y) = 0 =u(L,y).

The relevant separable solutions are
. nmx ,nzft
sin —e L
L

so that
. NTT _ne2,
u:E anSin ——e~ L
L
n

and the initial value requires

flz) = Zansin?

which is solved by Fourier methods. The solution exists provided the
series for u converges which it will do for positive t. However, note
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that for negative t the exponentials grow rapidly with n and there is
no reason to expect existence. Uniqueness for this problem was done in
Mods, and we can argue plausibly for continuous dependence on data,
but we only get well-posed-ness forward in time.

(d) What then is not well-posed? We give a few examples:

e BVPs for hyperbolic
€.8. Uyy — Uyy = 0 on the unit square with data

u(0,y) = u(l,y) = u(z,0) = 0; u(, 1) = f(x).

Recall this data gave a well-posed problem for the Laplace equa-
tion, but here there is no solution at all if f # 0 (try the Fourier
series) while if f = 0, then sin nrz sin ny will do, for any n.

e IBVPs for elliptic

€.g. Uyy + Uy, = 0 on the semi-infinite strip 0 <z < 1, y > 0,
with data

uw(0,y) = u(l,y) =0, u(z,0) =1, u,(z,0) = 0.

This data gives a well-posed problem for the wave equation. If we
try for separable solutions here, we have u,, = sin nmx cosh nmy so

u = E ay, Sin nwx cosh ny.

n

Initial conditions need

1= E an,sinnme

whence
a, =0 n even

4
= —— n odd,

and then
! = E ! ( 1)” (2 1)
U 2,y 4 (2n 1)2 5 cosh(2n + 1)my,

which does not converge for any y > 0 (because the cosh terms
grow rapidly with n) - there is no solution (strictly speaking, we’ve
only shown that there is no solution of the form considered; we
need more).
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e the BVP for the heat equation is not well-posed, but we won’t
show that. It’s easier to see that going the wrong direction in
time is not well-posed: consider the particular solution

(2.) = —=e 5 (5.11)
u(z,y) = —e . 5.11
Y \/g
Start with this solution at any positive value of y, say at y =
€, then it is analytic in x and its graph looks like the normal
distribution; now evolve it towards negative y; at any nonzero
value of x it tends to zero as y tends to zero, but at x = 0 it
diverges, and it makes no sense at all for negative y. The solution
has failed to exist within a ‘time’ e.

Again, it is beyond our scope to prove it in this course, but these dif-
ferent behaviours are universal for the different types of second-order,
linear PDEs. In tabulated form, which problems are well-posed?

IVP IBVP BVP
Hyperbolic  yes yes no
Elliptic no no yes
Parabolic yes yes no

where the ‘yesses’ for parabolic are forward in time only.

5.7 Bessel Functions and Legendre Polynomials

We end this chapter with two odd topics on separation of variables, which
don’t fit anywhere else.

5.7.1 The vibrations of a circular drum in polar coordinates

Suppose the undisturbed drum occupies the disc r < a,z = 0 in plane polar
coordinates, and the vertical displacement of the disturbed drum head is
given by z = u(r,0,t). Then u satisfies the wave equation in the form

1 1 1

VQ
Qutt = U 1= Upp + —Up + 2U99.
C r T

We seek separable solutions
u=R(r) ©(0) T(t)
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with
7=t
sin

SO
2
1
Y RO —O(R +1R)+ Lo,
c? r r2

where prime on a function of one variable means derivative with respect to
that variable. Divide by RO and separate to find

11 / 2 "
r? il 4 1R + Y )= —@— therefore = const.
R r R )

but we want © periodic so the separation constant must be n? for integer n:

cos
>
0= sin ng n=>l
1 n =20
i 1 / 2 2
f%+—R+<%~f%>R:0
r c r
Redefine p = %7 to obtain
>R 1 dR ( n2)
— 4+ - —+4+(1-—= ) R=0. 5.12)
dp* ~ p dp P’ (

This (second-order, linear ODE) is Bessel’s equation of order n. We may
seek a series solution of the form

o0

R = szakpk

0

in terms of constants o and ay, by substituting this into (5.12). This is
straightforward to do, but not part of this course. The outcome is that, up
to scale (since any constant multiple of the solution has the same property),
there is a unique solution which is finite at p = 0. With a conventional choice
of the scale, this solution is called J,(p), the Bessel function of order n. The
series begins:

n 2

Jn(p) = oy |1 it ) +0(p")
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(it’s easy to check by substituting into (5.12) that there is a series solution
like this).

Given the series, one can plot the function to obtain graphs like figure 5.1.

Figure 5.1: the first two Bessel functions.

For the problem of the drum, we want u = 0 at the rim r = a, so R(a) =
0 and so J, (“’7“) = 0. Thus “* = ay;,, where this is the m-th zero of
Jn, which can be found numerically from the series solution. Therefore the
allowed frequencies of oscillation of the circular drum are wy,, = £Qp,. The
disturbance u is a combination of terms like

J (7’ ) coS 0 coS ct
- .n . O, — | -
"\qg ™) sin sin g

5.7.2 Laplace’s equation in spherical polars

Recall spherical polars are related to Cartesian coordinates by

xr = rsinfcosyp
= rsinfsiny
z = rcosf.

and then Laplace’s equation becomes

2 1 1

Vu = up + Zu, + sin Qug)g + ——5—1Uy,, = 0.
= e «9( in Buup)o r2sin? g *¢

r2sin

We could separate this in general as u(r,0,9) = R(r)0(0)®(yp), but for
simplicity we shall suppose u, = 0, so that v = R(r)O(#). Substitute into
Laplace’s equation:

2 R
@(W+;H)+—

(sind®") =0,

72 sin6

where prime on a function of one variable again means derivative with respect
to that variable. Divide by RO and separate to find

1
Osinfd

7’2

2
o R/l _R/ —
R( + r )

(sinfO’) = const. = —A
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so that

2 A
R'+-R'+—R = 0 (5.13)
r r
(sinf®') — Asinf® = 0 (5.14)
To simplify (5.14), put g = cos @, so that sin Gd% =—(1- /f)% and
d de
m ((1 — /ﬂ)@> = )\6, (5.15)

which is Legendre’s equation. As with Bessel’s equation, we seek series so-
lutions © = Zak,uk with constants ar. This time we find that the series
converges for y = £1 (which it must for solutions to be defined at § = 0, 7)
if and only if it terminates, i.e. is a polynomial. If the polynomial has degree
n, then necessarily A = —n(n+1). These solutions are Legendre polynomials
P, and the first few can be taken to be

1
Ph=1, P=pu P= 5(3u2 —-1), .. (5.16)

For (5.13), this leaves

(n+1)

R=0

2
R/l+_R/_n
T

for which solutions are r”, and r~"~!

u = Z (Anrn + 7’le> P,(cos ) (5.17)

, so the general solution for u is

An example:

Consider a BVP for the Laplace equation on the region between concentric
spheres of radius a and b, with 0 < a < b. In spherical polars suppose the
solution is u(r, ), for the data

u(a,d) = 1; u(b,8) = bcosb.

The solution is unique by Mods work, and we expect well-posed-ness. From
(5.16) and (5.17) we expect a series with just the first two Legendre polyno-
mials Py and P;:

B B
u:Ao—i-—O—i- (A1r+—21> cos 6,
r r
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and then the boundary conditions require

B B
r=a: Ay+—+ (A1a+—21)0089:1,
a a
B B
r=>0 Ay+ TO + (A1b+ b—;) cosf = bcosb.
For these to hold at all 8, we obtain four equations in four unknowns:
B
Ag+ =2 =1
a
By
Ag+— = 0
0T b
B
Ala —|— —21 = 0
a
By

from which a unique solution follows by elementary algebra.

6 Laplace and Fourier Transforms

In this section, we introduce a new idea, the integral transform which can
convert differential equations into algebraic ones (which are typically easier
to solve). We shall consider two such transforms.

6.1 The Laplace Transform
of a function f(t) is
fo)= [ re e
0

Note that

e the over-bar does not indicate complex conjugate;
e a convenient notation is to write f = L[f];

e we shall often allow p to be complex and then be interested in where f
is defined in C;
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o if |[f(t)] < Me® for some positive M, ¢ then the integral is defined at

6.2

least for some p (in fact for all complex p with Re(p) > ¢); such f is said
to have exponential growth and examples of such f are any polynomial
in ¢, or any exponential but not e.g. e'’.

Examples: a standard list

Check the following standard list of examples of Laplace transforms, with
corresponding domain of definition:

f(t) (p) Domain of definition
1. 1 }D Re(p) >0
2. t # Re(p) > 0
3. " p:‘frl Re(p) >0
4. e" aeC p%a Re(p) > Re(a)
5. sinwt, w e R ¥ Re(p) >0
6. coswt, weR i Re(p) >0
7. sinhat, a€R %5 Re(p) > |a|
8. coshat, a € R —Eo Re(p) > |a|

(to save work, note that (5) — (8) follow from (4).)

6.3

1.

2.

Properties of the Laplace transform
Linearity: LI\f + pg] = AL[f] + uLg], for A\, u € C;

If g(t) = e f(t), then g(p) = f(p — a);

If g(t) = f'(t), then g(p) = pf(p) — F(0);

I g(t) = fot f(s)ds, then g(p) = %;

—

Define the convolution f =g of f and g by f*g(t) = fot ft—s)g(s)ds,
then L[f * g = L[f]L[g] or f+g = [T

If g(t) = tf(t), then g(p) = — 5 F(p).

Proofs
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&lg

. easy;

= Jo g(t)e?dt = [T f(t)e e dt;
= Jo ft)e"@dt = f(p — a);

= Jo f'OePdt =[ft)e"]F +p[; f
= —f(0) + pf(p);

. <= (3)

Lfxg)=[5° fo f(t—s)g(s)dse Pidt

now interchange the order of integration:

= [ [ f(t — s)g(s)e Pdtds

t)e PLdt

change variable, eliminating ¢ in favour of u =t — s

= Jo Jy fwg(s)e e P duds

() =35 Iy (et

— — [ tf(t)erdt = —g(p).

Second derivative: corollary to property 3

If g(t)

(Exercise: introduce h = f’, so g = b’ and use item 3.)

= f”(t) then g(p) = p*f(p) — pf(0) — f'(0).

Now let’s see the Laplace transform in action:

6.4 Examples

(a) Solve the IVP

2" — 32"+ 2x = 4e*;  x(0) = —3;
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for x(t).

Do L to the ODE and use property 3 and its corollary:

4
where the RHS comes from our standard list; so
4 —3p® +20p — 24
PP —3p42) = — —3pq1a— TP
p—2 p—2
which can be solved for z as
o —3p% +20p — 24
(p—Dp-27>
Split into partial fractions
_ T, 4 4
p—1 p-2 (p—2)*
and use the standard list to give
r = —Te 4+ 4e* + 4te*
where the last term needs L[e*] = 15, so ﬁ = — i Lle™] = Lte*]

by property 6.

Solve
" +wir=f(t) z(0)=a, 2'(0)=0b

(this is the equation for a harmonic oscillator with a driving term f).

Laplace transform of both sides gives

P’z —ap—b)+w’z=f

SO B
:E(p2+w2) =f4+ap+b
and ; f
ap
- + .
(P> +w?)  (PPHw?) (P +w?)

T =
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The last term, by property 5, is a convolution, so

b . 1 .
x =acoswt + —sinwt + — f * sinwt
w w

or

b 1 /[
:acoswt+—sinwt+—/ f(s)sinw(t — s)ds
w w Jo

(we could have solved this by the Green’s function method, and it’s
worth comparing the answers.)

an ODE with non-constant coefficients (this doesn’t always work).
te" + 22"+t =0 z(0) =1,

so from the ODE, for a regular solution we also need 2’(0) = 0.

Laplace transform the equation:

d . d, o

¢ m_ _ % m_ _ % _
L[tz"] o "] dp(px p)
SO p p
- 2__ 2 _—]_ —_ 7 =
dp(p T —p)+2pr—1) " 0
and .
T
—(1+pH)— 1=
(I+p )dp 0
so that . )
T
P L[sin t]

from the standard list. We've reduced a second-order ODE in ¢ to
a first-order one in p but we can solve this using property 6, to find
tr =sint or x = %sint.

In these examples, we have needed some luck to get back from z to z, i.e.
to invert the Laplace transform. How can this be done in general? We
shall postpone this question until after the discussion of the second integral

transform.
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6.5 The Fourier Transform

Much of the study of this transform can proceed by analogy with the previous.
First the definition of the Fourier transform of f(¢):

o0

ft) = flw) = /_ e f(t)dt.

e}

Then note

e existence needs only [*°_|f(¢)|dt < oo (this is a fact from the Integra-
tion course);

e this is complex from the start, so we may as well take w € C;

e some authors include a factor \/% in the definition;
T

e we shall write f = F[f].

6.6 Properties of the Fourier Transform

1. linearity:

FIN + pgl = AF[f] + pFlg]

~

2. if g = f', then g(w) = iwf(w) (sono “f(0)” as compared to the Laplace
transform);

FIf gl = F[f]Fg]

with the definition f * g(t) = [*_f(t — s)g(s)ds (this definition of
convolution agrees with the earlier one if f = g = 0 for t < 0, but
otherwise is different.)

Proofs
Exercises.
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6.7 Inversion of the Fourier Tranform

This is given by the Inversion Formula:

U+ e =5 [ s (6.)

where the expression on the left is the average of the limits of f approaching
t from above and below. If f is continuous at ¢ this is just f(¢) .

Proof

This will be just a sketch. I shall indicate where input from Complex Analysis
on Integration is required. Recall from Complex Analysis that

*sinx T
dr = —,
0 x 2

R R oo ]
/ e f(w)dw = / / e“te™™ f(s)dsdw
-R ~RJ-co

o) R
= / / f(s)eiw(t*s)dwds
—oo J—R

(OK to change the order of integration?)

S iR(t—s) _ ,—iR(t—s)
- [ e

then

(OK at t = s7) o sin Rt —3)
sin R(t — s
-2 f oo
=2(L + 1)
where . .
h=[ = R~ p(spas = /0 (b~ )
with ¢ —s = %, and
12:/:0 s1nf(_t;s)f(s>dsz/ow Sizuﬂt E)du
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WlthS—t—% SO

R s * sinu u u
/_Re““ f(w)dw:2/o - (f(t— }_{)+f(t+ﬁ)> du.

Now take R — oo and use the integral with which we began (is the limit
OK?). QED.

6.8 An example

Invert
2

+w

PR

The Inversion Formula (6.1) gives

R 2€zwt

f(t) 277R—>OO/ 1_|_w2

which we shall evaluate by closing the contour with a semi-circle of radius R
centered at the origin. If ¢ > 0 we choose the semi-circle in the upper-half-
plane, and conversely if ¢t < 0 we take it in the lower-half-plane. Call these
contours C, and C_ respectively. Poles of the integrand are only at +i so
for positive ¢, Cauchy’s integral formula gives:

eiwt 1
/ de =2mi X —e ' =me™",
o, 1 +w 21

while if ¢ < 0, we obtain

1
/ = —2mi X (—aet) = e,

]

the extra minus sign coming from the fact that the contour is traversed
clockwise. Putting these together we obtain f(t) = e~ .
6.9 Inversion of Laplace Transform

From (6.1), we can obtain an inversion formula for the Laplace transform as
follows:

2mi R — o0

: y+iR
s+ 1) =5 U [ e 62)
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where 7 is chosen as follows: if |f(¢)] < Me then v > ¢. This means that
the line along which the integration is carried out is to the right of any sin-
gularities of f. As before, if f is continuous at ¢ then (6.2) gives f(t).

Proof

This uses Fourier transform and (6.1). Given f, define

e f(t) t>0

“ﬂ:{o t<0

Then -
i(w) = / e f (1) = Fly + iw)
0
and, by (6.1)
1 1 hm R iwt .
Slolt-+gt)) = p_, o _Reqﬂ7+%wﬂw
SO
1 ]. hm R ('y+iw)t = .
5@@)+ﬂh»=§;3_wm e fly +iw)dw

“R
_Llim
27 R— o

as required. QED

y+iR B
/ e” f(p)dp where p = +iw,
y—iR

When it comes to examples, we often evaluate the integral by closing the
contour to the left.

6.10 Examples

(a) Invert
- 1
o) = .
) p*(p—1)
This example can be done by partial fractions and the standard list,
but we shall use the Inversion Formula. Poles of f are at 0 and 1 so
we need v > 1, and we shall close the contour to the left, with an arc

of a circle centered at the origin. Write I'; for the straight part of the
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contour, I'y for the curved arc and I' for the union. By (6.2), at points
of continuity of f,

1 lim ot dp

f(t):%R_)OO o PP —1)

and we claim that, as R — oo

dp
L,
/r2 pi(p—1)

so consider

d
jI{ ept2—p = 271 X sum of residues.
r pp—1)

Calculate
Res|; =¢€';  Res|p=—(1+1),

and take the limit to find that f = —(1+1¢) + €.

(b) Invert f(p) = ﬁ.

This has a branch point at the origin. We proceed as before, closing
the contour to the left with a circular arc centered at the origin, but
we need a ‘key-hole’, excluding the negative real axis and the origin.

Figure 6.1: the contour for inverting p~'/2.

Then we may define p'/? = r1/2¢¥/2 for — < @ < 7 and consider the
integral §. ef”tz%. With points as labelled on the diagram and DEF a
circle of radius €, we claim that

C A
7{ = 0; while / , / , / — 0
T B G DEF
D 00
/ ept dp N / e—rt dr
g pl/2 o irl/2
G )
/ ePt _dp — / e " _dr
h pl/2 0 irl/2

SO



and | e J
_ 7rt_r
f(t) = /0 =y:3

To evaluate this integral, put rt = s2,

1 /°° 2 2sds t1/?
= — (& _—
0

™ t S

which is a standard integral:

1
ot '
We’ve shown that .

£l =

so with the aid of this example and property 6 of the Laplace transform,
we can also invert p=3/2, p~5/2_ etc.

The next set of examples show how transforms can help with PDEs as
well as ODEs.

Consider the following IBVP for the heat equation in z > 0, ¢t > 0:
R Ugy = Ut

u(z,0) = 0 initial condition

—ku,(0,t) = Q

u—0asx — o0

Find u(0,t) for t > 0.

} boundary conditions

The problem corresponds to a semi-infinite bar, initially at zero tem-
perature, which has a constant rate of heat-flow into it at the origin.
Heat will flow in and pass along the bar and in particular the end at
the origin will heat up. We are asked for the temperature of this end.

We Laplace transform in ¢ only (we only care about ¢t > 0):
u(z,p) = / u(x,t)e Pdt.
0
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Then, by property 3 of Laplace transform, and using the heat equation:

pu = Llu] = LKty

= /<;/ Ugpe Pldt = Ky,
0
This is an ODE in z for @ which we can solve:
i = Ap)erVP - Bp)e VT

but © — 0 as x — oo. Therefore, A = 0 and for B we note
w(0) = [ w0, i
0

e Ptdt

@
k

0

so that
B - _Q]:;/EPB/Qv

whence

u(z,p) = —pr‘?’”e‘z Vrlk,

Inverting this would give us u(z,t), but we are only asked for u(0,¢).

For this OvR
K
u(0,p) = 7 p¥2

To invert this, go back to example (b):
1 1
£ |:_:| B N
Vi VD

SO
i —1/2) _1 3/2



el

using property 6 of Laplace transform,

S

so that p~%/2 inverts to 2\/;, and

u(0,t) = %\/g

An IVP for the heat equation in an infinite bar:
Uge = Upy; —00< T <00, t2>0

u(z,0) = f(x).

This time we Fourier transform in z:

t(w,t) :/ u(z,t)e ™ dx

—00

SO
Uy = /ute_w”da: = /ume_“”dx = —w?q,
an ODE we can solve:
~ = A —w?t
(w,t) = Alw)e

but ) A
(w,0) = f(w) therefore A = f

and
a(w,t) = f(w)e ™.

This is a product of Fourier transforms, so corresponds to a convolution:

uwt) = [ T K- u,0) fy)dy (6.3)

where

A

K(w,t) = e,
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By the inversion formula (6.2)

1 lim f iwx | —w?t
K($’t>:§R—>oo _Re e dw

so with s = w+/t this is
. R
_ 1 lim / o—sise/VE g
27]'\/% R — _R

We can evaluate this integral by the following Lemma.

Lemma: for real a

oo 9]
_g2 1 (e—in)2 _,2 .2
/ =8 +2zasds :/ e (s—ia) e % dg = \/’7_T€ a

o0 —00

Proof

By Cauchy’s integral formula

f{ e’ g, —
N

where T is the rectangle with vertices at (R, R + ia, —R + ia, —R) for
positive, real R. Now take R to infinity and show that the integrals
along the short sides tend to zero, so that

hm R _(x_m)Zd . hm R _xQd 7\/—
R — o0 _Re Tr = R — oo _Re xr = s

With the aid of this Lemma, we have

1 244 6712/47&
K(z,t) = . — = — 6.4
(z,1) i Ve T (6.4)
and then
(o, ) = — / e h e fy)a (6.5)
) o/l . y)ay. .

It’s worth making a few points about this calculation:

e note the resemblance of (6.3) to Green’s function expressions from
section 2, like (2.12) or (2.16);
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e note that K(z,t) in (6.4) has appeared before (apart from a con-
stant factor), in (5.11); it is a solution of the heat equation which,
at t = 0, is zero everywhere except at the origin, where it is in-
finite; from its resemblance to the normal distribution, we know
that the integral over x of K is one at all times - intuitively it is
like a unit point source of heat at time zero spreading out;

e we can think of (6.5) as expressing u(z,t) as a superposition of
point sources distributed according to the initial temperature given
by f and spreading out;

e as we saw in the discussion of well-posed-ness, the solution is de-
fined for positive t only.

(e) The Poisson kernel
Something similar to the last example is possible for the BVP for the
Laplace equation. Consider the problem:

Upgy + Uy =0 —o00<x<o0o, y>0

u(z,0) = f(y)
u— 0 asy— oo.

So this is the BVP with data on the real axis. We Fourier transform
with respect to x:

i(w,y) = / e~ "u(x, y)dx

— 00
and then use the Laplace equation and property 2 of the Fourier trans-
formation to find
Uy = w2,

with @(w,0) = f(w), and @ — 0 as y — co. The solution of this ODE
for @ needs care. I claim that

i(w,y) = flw)e M.

This is a product, so the answer will be a convolution. For the inversion
of the second factor, we consider the integral

1

— ewr=lwly g,
2 J_p
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1 /° I
= — / ey + — [ el gy

2 J_p 2 Jo

1 [ewlizty) 0 1 [ew(iz—y) R
—%{ix—ky]R—i_%[ix—yL

and for large R:

1 1 1
SRS (N P )
2r \ix+y i —vy (22 + y?)

Therefore -
uey) = [ Klo = s ) f(s)ds

I R (C N
_W/_OO(ZL’—S)Q‘Fde‘

The function K is called the Poisson kernel.

(6.6)

(6.7)

(6.8)

The remarks after the previous example carry over here: (6.7) is like
a Green’s function formula; K in (6.6) is a solution of the Laplace
equation singular at one point; (6.8) expresses u as a superposition of

these elementary solutions along the boundary.
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Figure captions

Figure 1.1: the rectangle R.

Figure 1.2: successive iterates graphed in R.

Figure 1.3: the region of integration for the interchange trick (shaded).

Figure 3.1: the phase portrait for the harmonic oscillator; to put the arrows

on the trajectories, notice that x > 0 if y > 0.
Figure 3.2: an unstable node.

Figure 3.3: a stable node.

Figure 3.4: a saddle.
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Figure 3.5: unstable proper node case (i) and unstable improper node case
(i)

Figure 3.6: a clockwise centre (B > 0)

Figure 3.7: an unstable spiral; reverse the arrows for a stable spiral
Figure 3.8: the phase portrait.

Figure 3.9: the phase portrait of the damped pendulum

Figure 3.10: the phase portrait for the Lotka-Volterra system
Figure 3.11: phase portrait with a limit cycle

Figure 4.1: the solution surface

Figure 4.2: geometry of the Cauchy problem.

Figure 4.3: the data curve for this problem.

Figure 4.4: the domain of definition for this problem.

Figure 4.5: the characteristic traces; note the convergence at x =1
Figure 4.6: the graph of z(x,y) at = 1/2,1 and 3/2

Figure 4.7: smooth version of figure 4.6 with f = —1 — tanhy.
Figure 5.1: the first two Bessel functions.

Figure 6.1: the contour for inverting p~'/2
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